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Recursive Numerical Algorithm for Conformal Mapping
in Two-Dimensional Hydrodynamics
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An original recursive numerical method (RT algorithm) for conformal mapping is presented. Based on the
Lavrentiev variational principle, it is a powerful means for the solution of various two-dimensional boundary
value problems. The RT algorithm can be used to solve internal and external hydrodynamics problems occurring
in spacecraft research, namely the calculation of fluid motions with local vorticity regions. For external problems,
conformal mapping of the fluid flow area onto the outside of the unit circle is constructed; for internal problems
the area is mapped onto one of standard domains (the unit circle or circular annulus). Flunid fiows in a cylindrical
tank with inner radial damping ribs and nearby an air brake with sharp edges with or without free eddies are

discussed as examples.

1. Introduction

ONFORMAL mapping is widely used to generate orthogonal

grids. At the same time it provides a powerful approach to
two-dimensional mathematical physics problems with complicated
boundary conditions. The combination of conformal mapping with
a variational technique provides a universal tool for high-precision
solution of various types of boundary value problems. The practi-
cal application of this approach has been limited by the fact that
exact conformal maps are known only for certain simple domains,
whereas for most common forms they must be computed numer-
ically. The first practical conformal mapping procedure was pre-
sented by Theodorsen' and Theodorsen and Garrick.? That method
and its numerous generalizations were based on mapping a standard
domain (such as the unit circle) onto the initial domain. Methods
of this type are based on an integral equation, which is solved by
a fixed-point iteration. Another class of numerical conformal map-
ping methods deals with mapping from the given region to a standard
domain. Methods of this type are based on the Symm equation, a
linear Fredholm integral equation of the first kind.> Typically the
integral equation reduces to an algebraic system.

Two special problems are important in mapping of a given domain
onto a standard domain. First is the local issue of the treatment of
singularities in the mapping function for regions with corners. For
such domains the use of preliminary analytical transformations is
needed. The second problem, the global issue in numerical confor-
mal mapping, is the phenomenon known as crowding. This effect is
clearly seen when an elongated region (such as a rectangle with a
large aspect ratio) is mapped directly onto the unit circle. Another
technique, the mapping of polygons by the Schwarz—Christoffel
formula and its relatives, is effective for certain simple polygonal
regions.* The iterative method for conformal mapping of a sim-
ply connected domain (unit circle for example) onto a region with
smooth boundary and of a circular annulus onto a doubly connected
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domain with smooth boundary curves was given by Wegmann.*-¢
The preceding topics were all reviewed in Ref, 7.

During the last decade, numerical conformal mapping has been
developed intensively. Parallel computers (e.g., Cray) whose archi-
tectures support powerful operations can provide certain numerical
conformal mapping methods related to huge linear equation sys-
tems. These methods mainly use rapid elliptic solvers to solve those
systems.® In hydrodynamics conformal mappings are widely ap-
plied to study the flow near airfoils with sharp trailing edges.®- ¥
Another area of application is computer generated computational
grids. In some investigations the numerical scheme is based on the
conjunction of the boundary integral technique with the covariant
Laplace equation method for conformal mapping.!' One more ap-
proach to grid generation was suggested by Moretti,'? His modifica-
tion of the classical Theodorsen technique for conformal mapping
was based on using an auxiliary contour, closer to the circle than the
given contour. A preliminary Kdrman-Trefftz transform was used
for mapping contours with corners.

The original method of numerical conformal mapping (RT algo-
rithm) presented herein was devised by Rabinovich and Tyurin.'? 14
The RT algorithm is a recursive numerical algorithm for conformal
mapping of a simply connected domain onto the unit circle and of a
doubly connected domain to the circular annulus. It is based on the
Lavrentiev variational principle and includes multipie calculations
of Fourier expansion coefficients. No algebraic system solution is
used in the RT algorithm. Unlike traditional Theodorsen-type and
Symm-type methods, in the present method both mappings—direct
(from the given region onto a standard domain) and inverse (from a
standard domain onto the given area)—are built simultaneously. At
each iteration step of the external T-procedure a computational error
of the inverse mapping is reduced to zero by means of the internal
R-procedure. The mapping at each step is represented by Taylor
(for simply connected domains) or Laurent (for doubly connected
domains) series. The final result is expressed as an array of coef-
ficient sets, Both problems mentioned earlier (corner singularities
and crowding) can be solved by using this algorithm.

The RT algorithm has been thoroughly tested on many regions
with known analytical or numerical mappings. As examples of sim-
ply connected domains with smooth contours, ellipses with various
axis ratio and epithrohoids of various powers have been chosen; a
cross and a circle with sectorial cutouts have been taken as exam-
ples of simply connected domains with corners. Various types of
airfoils are also used as test cases. Eccentric elliptical annuli with
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various aspect ratios have been selected to verify RT mapping of
doubly connected regions with smooth contours. Circular annuli
with cutouts and outer areas of cross sections of electromagnet and
ferromagnetic rail with an air gap are the typical examples of the
doubly connected domains with corners. "

This list of transformed domains demonstrates clearly the main
aim of the present investigation, the preparation of the given areas for
later application of variational or series expansion methods. There-
fore, convergence by L,-norm for contours is used, instead of collo-
cation type convergence. The RT algorithm has proved its effective-
ness for various hydrodynamics and elasticity theory problems!®- 7
and has been implemented in a multipurpose computer software
pack (RT-Soft). It provides the means for constructing orthogonal
grids for complicated objects and can be combined easily with con-
ventional methods used to solve boundary value problems, e.g., with
Ritz, Galerkin, and finite difference methods.

Spacecraft research is one of the fields that requires the most
efficient and accurate solution of the adjacent boundary value
problems.'®!® Some of the corresponding questions are discussed
next, in particular, internal and external hydrodynamics problems
of fluid motions with local vorticity regions.

II. Lavrentiev Variational Principle
of Conformal Mapping

Let z = re” be the complex coordinate of a plane containing a
closed line C and w = pe™® be the complex coordinate of a plane
containing a unit circle I'. Their origin is located in the center of the
circle, and the real axes of the two planes are made to coincide.
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Fig. 1 Boundary variation of the initial domain demonstrating the
Lavrentiev variational principle.

Assume that the contour C is very close to the circle G (Fig. 1):
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where §(p) = 1 — r(¢p), r and p are the radius vector and the polar
angle of a point on C, and ¢ is the small positive number ¢ < 1.
The Fourier transform of the function § (¢) may be presented as
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In accordance with the Lavrentiev principle,?-2! the conformal map-
ping of the contour C onto the unit circle I" and the inverse mapping
of I' onto C are defined by the functions
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These expressions are convenient for numerical implementation.

The transformation z = Z(w), given by the second formula (3),
is in fact the same as the first step of the Theodorsen mapping. It is
clear from the following relations:
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These relations are the direct result of the conditions (1).

1. Mapping of a Quasicircular Domain
onto a Circle (R-Procedure)

On the basis of the Lavrentiev principle we can set up the algo-
rithm for mapping a quasicircular domain onto a circle, as well as
the inverse mapping, with any given accuracy. Let the contour C be
close to the circle I' according to inequalities (1) with the tolerance
O(e). A number of points N equal to some power of 2 are chosen
on the circle I'. As a first guess the given values of r () are interpo-
lated at each value . Equation (2) is used to find the coefficients a,,
and b, forn =0, 1, ..., N/2, using a fast Fourier transform (FFT)
routine. The first of Egs. (3) is performed to map the contour C on
a z plane onto the contour C“ on a w plane (Figs. 2a and 2b). The
difference of the contour C@ from the circle I' now is (O(g2). We
change the contour C™ to the unit circle T, resetting an error to
zero. This operation is shown in Figs. 2b and 2c¢.

The second of Egs. (3) is used to perform the exact inverse map-
ping z = Z(w) of the unit circle I" onto the contour €, which in

Fig.2 R-procedure of the RT algorithm.
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accordance to Lavrentiev principle differs from the initial contour
C by small quantities of O(g?) (Figs. 2c and 2d).

Now, the first of the expressions (3) is used once more to perform
the mapping of the contour C™ (instead of the contour C) onto the
contour C? (Figs. 2d and 2e). This procedure is repeated N times
(Figs. 2e and 2f). The operation is completed when the rms error
Ay falls below a prescribed tolerance gg:

2

1
Ag < &g, Ay =— | [8(p))Pde e
1]

2

This process, called the R-procedure, is described as z = ®(w),
w = F[z, CV]. The sequence of steps 2, ..., N is identical in a
certain sense to the classic Theodorsen mapping. However, whereas
in the Theodorsen mapping the error in the polar angle is minimized,
in the RT algorithm the error in the radius is minimized.

This peculiarity of the RT algorithm is of utmost importance. It
allows complete solution of the problem of local singularities of
domains with piecewise smooth contours and an arbitrary number
of corner points. Corner smoothing is provided automatically since
the corresponding process is implemented in the R-procedure and,
as a consequence, in the T-procedure.

The preliminary domain transformations, such as Joukowski or
Karmén-Trefftz (see Sec. IV), for the RT algorithm are useful but not
absolutely necessary because they are applied for another purpose,
i.e., to improve the domain structure as a whole for the following nu-
merical mapping, not just to eliminate corner singularities. In fact,
the R-procedure allows us to obtain an exact inverse transform and a
quasi-exact direct transform of the contour C) that is very close to
the given contour C, but the contour C") is smoother than the initial
contour C because a finite Fourier series is used to obtain C, In
practice, an error less than gz = 107¢ can be normally reached in
Nr =4-5 steps on a double-precision computer.

IV. Recursive Mapping of an Arbitrary
Domain (T-Procedure)

The T-procedure is a recursive step-by-step process of mapping
an arbitrary domain onto a standard domain (a circle in the case of
a simply connected domain and a circular annulus in the case of a
doubly connected domain). The main idea of the T-procedure is the
use of an auxiliary contour at each step of the recursive process. The
choice strategy of the auxiliary contour is strictly dependent on the
geometry and topology of the given contour and will be described
later in detail.

Let us consider an arbitrary simply connected domain D of the z
plane, bounded by piecewise smooth contour L. We are to build a
conformal mapping of the domain D onto the unitcircle D,, onthe w
plane with contour I',, in such a way that the specified point O of D
lies over the center of this circle to effect the corresponding inverse
mapping (Fig. 3a). Let us assume that the contour L is star-shaped
in relation to the point O. This assumption is not fundamental and
is used only for simplification of the algorithm description.

Let [y be a circle of radius p, with center at the origin O and
the given contour L be embedded in the contour I'y. The relation
oo = 1 could be reached using normalization of the variable z.
A new auxiliary contour Cy, called a variation of the contour 'y,
is constructed using the following equation in polar coordinates:
r(@) = 1 — 8y(¢), where
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where ry(¢p) is the polar equation of the contour L and &, is any
small number, usually about 0.05-0.2.

On the one hand, the auxiliary contour Cy is close to the circle
I'y (because ¢ is a small number) and is an image of the given
contour L. (In practice, a more sophisticated algorithm is used for
construction of contour Cy, even though the two main properties of
contour Cy are the same.) As described before, the R-procedure for
contour Cy can now be used (Fig. 3b). As a result, two conformal
mappings are obtained. The first one 1s the exact inverse mapping
of the unit circle onto the contour C(, , which is very close to the
contour Cy: z = Py(z;). The second one is a mapping of the contour
C“) onto the unit circle, z; = Fy[z, CO ] accurate to within gx. As
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Fig.3 T-procedure of the RT algorithm for a simply connected domain.

a result of the latter mapping, the given contour L is transformed
onto the new contour L (Fig. 3c). The contour L; is closer to the
unit circle than the given contour L. This tendency is the basis for the
successful recursive process construction, using the R-procedure at
each step. Note that the replacement of the contour C, by the contour
c Y is not very important because both contours are close to one
another and the contour Cyy was chosen arbitrarily to a certain degree.

At the second step of the T-procedure the contour L is embedded
into anew circle I'y with a center at the point O, that is, the image of
the center O. After the variable z, normalization, the circle I'; has a
unit radius, and the new auxiliary contour C is built similarly to the
contour Cy, (Fig. 3¢). The contour C, is the variation of the circle ;.
Repeated use of the R-procedure gives the exact inverse mapping
and approximately exact direct mapping of the contour C,; & onto
the unit circle: z; = ®,(z2); 22 = Filz,, C 1.

The contour L, is transformed onto the contour L, (Fig. 3d).
Repetition of the preceding operations gives the recursive process,
called T-procedure (Figs. 3e and 3f):

Ze = Pz 4 1),
k=0,1,..., Ny,

k1 = Fk[qu Cél)]

n = I,

)

INg =W

The recursive process is completed when the rms distance Ay, be-
tween the deformed contour L and the unit circle falls below a
prescribed tolerance &7 :

1 2r
Ag <er, A% = E/ [l — r(@))* dp (8)

0

Usually an error less than &7 = 107*~1077 can be reached in Ny =
10-50 steps on a double-precision computer.

Let us consider a doubly connected domain D of the z plane,
bounded by two closed nonintersecting piecewise smooth lines L,
and L,y (Fig. 4a). The path-tracing direction of the inner contour
L (clockwise) must be opposite to the path-tracing direction of the
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Fig.4 T-procedure of the RT algorithm for a doubly connected domain,

outer contour L (anticlockwise as positive). The aim is conformal
mapping of the given domain D onto a circular annulus D,, of the w
plane in such a way that the line L, transforms into the unit circle
I, the line L,y transforms into a circle I'p,, of a smaller radius,
and a specified point O of the z plane lies over the center of these
circles (Fig. 4f) and in the inverse mapping as well. As before, the
corresponding mapping is defined as an arbitrary angle of rotation
of D relative to the point O.

The first step is the same as the first step of the T-procedure for
a simply connected domain, bounded by the contour L ;. Namely,
the contour I'yy is the boundary of the unit circle, containing the
normalized given domain D with the outer contour Ly,. The new
auxiliary contour Cjy is built using Egs. (6), where ry(¢) is the po-
lar equation of the contour Ly,. Using the R-procedure as described
carlier, the transformatlon onto the z plane may be constructed:
2=®y(21), 21 = Fylz, CP}. The contour C{y, which is very close
to the contour C g, goes over the unit circle. The contours L, and
L,y are transformed onto the contours Ly, and Lj;, respectively
(Fig. 4b).

The next stage is the inversion with respect to the unit circle,
z9=1/z,. The image L, of the outer contour L,, is the inner
contour; the image L,; of the inner contour is now the outer con-
tour (Fig. 4c¢). After inversion, the path-tracing direction of the
new outer contour L,; is positive (anticlockwise) as before, be-
cause the initial orientation of the contour L, was negative. Once
more the R-procedure may be used for the contour L,, (Fig. 4d):
2 =®1(23); 73 = Fi[za, Cz(, ]. The second step of the T-procedure
for the doubly connected domain is defined in this way. At this step
the auxiliary contour Cy is the variation of the unit circle 'y with
respect to the contour Ly;. The contour Czo , which is very close
to Cag, is the unit circle image obtained by an inverse mapping ®;.
An additional inversion with respect to the unit circle, z4 = 1/z3,
completes the two first steps of the T-procedure. After it, the image

L4 of the initial outer contour L, becomes the outer contour, and
the image L4 of the initial inner contour L,y becomes the inner
contour.
The T-procedure for the doubly connected domain is a recursive
process. Two typical steps of this are
(k + 1)-step: zo, = Pr(zan+1) 2o 1= Fy [sz, Cf,l()]:

1

LU 42 = Z
2+ 1

9

(k + 2)-step: zox 2= Dy 41 (22 +3)

1
1
res = Fipi[zaesa, CR L Lokss =
22k +3

where k = 0,2,..., Nri20 = 27;22v, = w. At each odd step

the problem of the image L, of the outer contour L is solved;
similarly, at each even step the problem of the image Ly 42, of
the inner contour Ly, is constructed. The T-procedure is completed
when the rms differences of both contours (outer and inner) are
smaller than the prescribed tolerance g7 (Figs. 4e and 4f).

The convergence of the T-procedure for the doubly connected
domain strictly depends on the relative width H of the initial non-
circular annulus D:

2 2
_ L |:1 _ rz()(‘P)j| do (10)
2r Jo rio(9)

where ryy and ry, are the radius vectors of points of the lines Ly
and Ly, respectively. If these contours are too close (H < 1), each
step may destroy the result of the previous step. Practically, for the
stable convergence of this process the relation H > 0.2 has to be
satisfied.

The convergence of the T-procedure for domains with smooth
boundary curves is very fast. For example, the domains considered
by Wegmann®-¢ (inverted ellipse and eccentric circular annulus) can
be mapped by the RT algorithm with s7 = 107°~10~% in 5-10 steps
only. Besides the RT algorithm has a few additional advantages:
1) the possibility to map complicated domains with an arbitrary
number of boundary corner points (up to a few hundreds); 2) the
possibility to construct direct and inverse transforms simultaneously
(this is important for generation of orthogonal grids as well as for
solving of boundary value problems); and 3) the absence of matrix
operations but multiple use of the FFT procedure.

As arule, in hydrodynamics problems researchers are interested
in inverse mapping z = & (w). This mapping could be presented as
a superposition of the mappings z;_; = ®,(z;) andk = N, ..., L.
If each of the mappings is represented by a Taylor series with 64
terms, then for full implementation of the function z = ®(w) only
129Ny real terms (af, af, b, n=1,...,64; k = Ny, ..., 1) must
be retained. Because of the moderate number of coefficients needed
to describe the full procedure and the wide application of the FFT
algorithm, we can use ordinary personal computer, such as an IBM
personal computer. At the same time the high power of the series
in the RT algorithm makes possible the mapping of very complex
contours, including inner corners, ribs, and tracks.

V. Preliminary Analytical Transforms

One important advantage of the RT algorithm is its universal-
ity. In principle, it may be used for arbitrary domains with general
shapes having piecewise smooth bounds. However, certain prelim-
inary analytical transforms are useful to improve the efficiency of
the method and to reduce the number of steps of the iterative pro-
cedures. The main idea of these transforms is to modify a given
domain to a shape suitable for the RT algorithm. The rigorous def-
inition of the requirements for such a shape is not easy, but the
modified area should look like a noncircular annulus or deformed
circle. For a simply connected domain it means that the ratio of the
radii of the tangent circles interior and exterior to the given contour
L, minry(p)/ max ro(¢),hastobeabout 0.3-1.0, where r = ro(¢)is
the polar equation of the contour L. For a doubly connected domain
the ratio of the inner and outer circle radii of the circular annulus,
containing the given domain, should be about 0.5-0.8.
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Fig. 5 Conformal mapping of a cross section of an airfoil with a slat
(doubly connected domain) onto a circular annulus and a regular grid
conformally equivalent to those of the polar coordinate system: a) the
final domain after conformal mapping, b) the domain c after two
Joukowski transforms, ¢) the domain d after the bilinear transform,
and d) the initial domain.

The problem of an improvement of a given domain by using pre-
liminary transforms is a nontrivial heuristical problem, which may
be solved interactively. The various analytical transforms could be
used for this purpose, in particular, the following: shift and rotation,
inversion, bilinear transform, square root transform, and Joukowski
or Kdrman-Trefftz transforms with singularities located outside or
inside of the given area. The later two transforms are widely used to
remove corner singularities, in particular, in different modifications
of the Theodorsen mapping.”!? In the case of the RT algorithm
application they significantly reduce the number of necessary T-
procedure steps.

Anexample demonstrating the mapping of adoubly connected ex-
ternal domain onto a circular annulus is presented in Fig. 5. The ini-
tial domain, the intermediate domains (after bilinear and Joukowski
transforms), and the final domain after the completion of the map-
ping procedure are shown. The figure presents the regular grid con-
formally equivalent to those of the polar coordinate system. It is
obtained by means of the inverse transform.

The preliminary transform changing the domain topology was
found to be quite effective for elongated simply connected domains.
The problem of a fluid stream in a rotating cylindrical tank with a
parallelogram cross section may be considered as an obvious exam-
ple. The Joukowski mapping is used to transform two copies of the
initial domain onto a curvilinear annulus. These two copies have a
common artificial cut and lie on two Riemann surface sheets. The
singularities in this case are placed into the domain (Fig. 6). The RT
algorithm is used to map the curvilinear annulus onto the circular
annulus. The boundary conditions at the two contours are the same
as those at the border of the given simply connected domain. The
accuracy of this boundary value problem solution with the transform

RENRNENE
L1
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Fig. 6 Conformal mapping of a cross section of a parallelogram rotat-
ing tank (simply connected domain) onto a doubly connected domain
with a preliminary topology change of the initial domain: a) the final
circular annulus with an orthogonal grid, b) the domain c after the
Joukowski transform with an orthogonal grid, c¢) the initial domain
with an artificial cut and constructed orthogonal grid, and d) the flow
lines in the initial domain.

)

onto an annulus (0.2%) was considerably higher than the solution
constructed with the same number of iterative steps by the transform
onto the unit circle without preliminary topology change (2%).

V1. Two-Dimensional Problems of Fluid Streams
with Local Eddies

The problem of a flow around a two-dimensional analog of a
spacecraft moving in a planetary atmosphere may be considered as
a simple example demonstrating usefulness of the proposed method.
The velocity field for this object can be constructed easily by the
conformal mapping of the initial z plane domain (Fig. 7a) onto the
w plane of an imagined stream around the unit circle (Fig. 7b).

The preliminary Joukowski transform was used to open the sharp
angles, then the RT procedure was implemented to construct the final
image. The location of the eddies and corresponding circulation at
the w plane were determined by the Foppl steady-state condition®?
and Kutta—Joukowski condition at the sharp brake edges.?* The in-
verse transform of the w plane (Fig. 7b) onto the z plane (Fig. 7a)
gave an answer to the problem.

A more complicated example is a problem of internal circulating
fuel flow with local eddies in a tank of a spacecraft. The liquid fuel is
considered to be ideal liquid inside a circular cylinder with an even
number K of equidistant damping ribs having the relative width
B = b/ry < 1 (where ry is the inner cylinder radius). Supposing
ro = 1, the region S of the fluid column cross section in the z plane
was mapped onto the unit circle $* in the w plane, so that the image
of the point z = 0 was w = 0. An orthogonal grid on the z plane,
obtained by the inverse mapping from an isothermal polar grid on
the w plane, is presented in Fig. 8.

Let us consider two models.

1) The velocity field is formed by the central eddy and free rib
eddies, each in the region of the sharp rib edge. The eddies’ coordi-
nates for this model are determined by the steady-state and Kutta—
Joukowski conditions at the sharp rib edges.

2) The velocity field is caused directly by the rotation of a cylinder
around a longitudinal axis with an angular velocity € (2 > 0 for
anticlockwise rotation).

The circulation relayed to the rib eddies for both models was
found by using the Kelvin circulation theorem.2* The computed
nondimensional attached moments of inertia for the first (/r) and
second (Ig) models for various values K and B are presented in the
Table 1. The same computations were also made for similar models
but without these rib eddies. Figures 9 and 10 show the streamlines
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Fig. 7 Flow around a two-dimensional analog of a spacecraft with an
aerodynamic brake moving in a planetary atmosphere.

Fig. 8 Orthogonal grid obtained by inverse conformal mapping for a
cross section of a circular tank with ribs.

a) Without vorticity regions b) With additional rib eddies

Fig.9 Flow lines in a tank with inner ribs and a central eddy obtained
using the RT algorithm of conformal mapping.

b) With additional eddies

a) Without vorticity regions

Fig. 10 Flow lines in a rotating tank with ribs obtained using the RT
algorithm of conformal mapping.

of the flow in the z plane (the central eddy in Fig. 9 and the rotat-
ing cylinder in Fig. 10) without vorticity regions (Figs. 9a and 10a)
and with them (Figs. 9b and 10b). The conformal mapping was per-
formed by means of the RT algorithm with preliminary Joukowski
transforms. The computed valae of I for K = 4 and B = 0.3 was
negative; that must be interpreted as an inadequacy of the model
used in that case.

Table 1 Attached nondimensional moments of inertia of fluid
in a circular cylinder with inner ribs

Without eddies
Number Relative  Central Rotating Analytical  Numerical
of ribs, K width, B eddy, Ir cylinder, Ig I Ipr
4 0.3 0.012 —_— 0.412 0.417
4 0.4 0.304 0.189 0.657 0.645
6 03 0.331 0.288 0.586 0.572
6 0.4 0.645 0.622 0.864 0.845

Table 2 Typical accuracy characteristics of numerical computations
using the RT algorithm of conformal mapping

Smooth  Contour with
Parameter contour corners
Given tolerance for the R-procedure, ¢ 1075-10~% 1075-1076
Number of steps of the R-procedure, Ny 3-5 3-5
Given tolerance for the T-procedure, e1 1074-105  1073-10"*
Number of steps of the T-procedure, Nt 10-30 30-50

Relative computational error for integral 1073-10-¢  1072-10-3
characteristics (moment of inertia, etc.), Ay
Relative computational etror for velocity 1072 e

field characteristics, Ay

The moment of inertia of the fuel in the rotating cylinder with-
out eddies may be estimated analytically. The corresponding exact
values (I), obtained by Dokuchayev,?* are presented in Table 1 to-
gether with the similar values (/gr) computed numerically using
the RT algorithm of conformal mapping. The agreement is quite
satisfactory; the mean relative error of numerical computations is
only about 2%.

The RT algorithm was also found to be a very efficient means to
compute eigenmodes in artificial and natural bodies. In particular,
it was successfully used to compute nonrotational and rotational
eigenoscillations (seiches) in the Caspian Sea.”

VII. Discussion and Conclusions

The efficiency and accuracy of the RT algorithm of conformal
mapping for smooth and piecewise smooth contours are illustrated
inthe Table 2. Typical values of rms errors of the R- and T-procedures
(er and er) are presented together with the corresponding numbers
of the iterative steps (Ng and N7). Normally, the values e¢ and 7
are taken as initial parameters, and necessary numbers of the steps
Nz and N7 to achieve these tolerances are estimated a posteriori.

Typical values of relative computational errors of the Stokes—
Joukowski problem, A; and Ay, are also presented in the Table 2.
These values are estimated as A; = AI/I and Ay = AV/V,
where ] and V are the exact values of the attached moment of
inertia and relative fluid velocity, and A; and Ay the errors related
to their numerical computation. It is clear that these errors are quite
small.

All computations described earlier were made with double preci-
sion on the IBM personal computer AT 386/387 using a version of
the software package RT-Soft elaborated by the authors. The max-
imum number of contour points in RT-Soft is up to 1024, and the
maximum number of terms of the Taylor series in the R- and T-
procedures is 64. The typical computational time of the conformal
mapping and generation of orthogonal grid is from 3-5 to 30-40
min, depending on complexity of the initial domain.

Summarizing the results, we can conclude that the RT algorithm
has proved to be highly suitable for conformal mapping of com-
plicated simply and doubly connected domains using computers of
modest memory and performance characteristics. In particular, it
may be very appropriate for generation of orthogonal grids. At the
same time, numerical methods based on the RT algorithm of con-
formal mapping may be competitive for problems of mathematical
physics with the finite difference method (FDM) and the finite ele-
ment method (FEM). There are even certain advantages in numerical
methods based on conformal mappings, as in the problem of ade-
quate discrete approximation of a complicated bound line. However,
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these methods and, particularly, the RT algorithm are rather a sup-
plement than an alternative to FDM and FEM. The combination of
the RT algorithm with FDM and FEM was found to be very effec-
tive (after conformal mapping of the initial complicated domain, the
ordinary procedures of FDM and FEM are used to solve the cor-
responding problems for new simplified areas). Apparently, the RT
algorithm could be effectively used to solve certain two-dimensional
problems in the same way as the Runge—Kutta method is used to
solve one-dimensional problems.

In the present paper the capabilities of the recursive numerical RT
algorithm of conformal mapping were applied to solve certain two-
dimensional hydrodynamics boundary value problems. Two models
of flow in a circular tank with inner ribs and vorticity regions were
simulated numerically. Good agreement was found between analyt-
ical and numerical results.
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